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Connections between the representations of a group and those of its normal 
subgroups and quotient groups have long been the object of study; one further 
such relation is the subject of this paper. Throughout this work we fix a 
finite group G and we assume the following hypotheses: 
1. GO is a normal subgroup of G; 
2. G/Go is a solvable group; 
3. G/G,, has order not divisible by the prime p; 
4. G = C(S) GO , where S is a Sylow p-subgroup of G, . 
The last assertion is simply a strengthening of the factorization G = N(S) G,, 
which always holds, by the Frattini argument. In addition, we fix some nota- 
tion. Let F be an algebraically closed field of characteristic p. Let A be the 
indecomposable ideal of the group algebra FG corresponding to the principal 
p-block of G and let B be the category of all finitely generated FG-modules 
which are in the principal p-block of G. Similarly, define A, and B, for the 
subgroup G, . 
THEOREM I _ The algebras A and A, are isomorphic. 
This is a consequence of the next result: 
THEOREM 2. The categories B and B, are isomorphic and an isomorphism 
isgiven by restriction from G to G,, . 
This means several things. First, if U is in B then the restriction U,, of U 
to G,, is in B, and each element of B, arises in this way exactly once. Second, 
if U and c’ are in B and U, and V, are their restrictions to GO , then a function 
from U to V is an FG-homomorphism if, and only if, it is an FG,,-homomor- 
phism. 
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It is this second theorem that we shall apply in later work. By establishing 
results about FG,-modules we shall be able to deduce immediately that they 
also hold for FG-modules. 
We shall prove these theorems in reverse order and we begin with a sequence 
of lemmas. It is interesting to note that we first prove results about characters 
and then deduce results about modules in characteristic p which is just the 
opposite of the usual sequence of events. Since G/Go is solvable we have an 
immediate reduction. If the index j G : G, 1 = 4 then we can assume without 
any loss of generality that 4 is a prime. We shall keep this assumption in force 
throughout. And we shall also use a common abuse of notation. For any 
object in the principal p-block of G (respectively G,) we shall say it is in B 
(respectively B,) no matter whether it is module or not. 
LEMMA 1. If x is an irreducible character of G in B then the restriction x,, 
of x to G, is an irreducible character of G, in B, . Moreover, this establishes a 
one-to-one correspondence between such characters. 
Proof. By our assumptions, we may choose an element g in G not in G,, 
which does centralize S. Hence, the number k of conjugates of g in G is not 
divisible by p. Let 1 be a prime ideal dividingp in the ring of integers in the 
field obtained by adjoining to the rationals all the j G /th roots of unity. Since 
x is in B, it follows that 
kx(g)/x(l) -s k (modulo I) 
so that certainly x(g) # 0. Since 1 G : G, 1 is a prime this implies that the 
restriction x0 is an irreducible character of G, . 
Clifford’s theorem (see [4]) yields that the only irreducible characters of G 
which have x0 as a constitutent of their restrictions to G, are the characters 
XA where h is a linear character of G/G, . Now if such a product xh is in B then 
we also have the congruence 
kx(d W/x(l) = k (module I> 
and so X(g) = 1 (modulo1). Hence, X is the principal character and there 
is a unique character in B whose restriction to G, is x0 . 
Finally, x0 is in B, [I, p. 1551 and any irreducible character in B, is a 
constituent of the restriction toG, of an irreducible character in B [2, p. 3101. 
This proves the lemma. 
LEMMA 2. If V,, is a simple FG,-module in B, then the following statements 
hold: 
(a) V, is the restriction to GO of a simple FG-module V in B; 
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(b) If W is any simple FG-module whose restriction toG,, has a constituent 
isomorphic with V, then W is isomorphic with the tensor product of V and a one- 
dimensional module on which G,, is represented trivially. 
Proof. Let T,, be the Brauer character of V,, . Hence, v,, is an integral 
linear combination of the restrictions to the $-elements of the irreducible 
characters in B, . However, each of these is invariant under conjugation by G, 
by Lemma 1. Hence, so is v,, . Thus, Voz and Vo are isomorphic for any x 
in G. The lemma now follows directly from Clifford theory together with 
the fact that V,, is a constituent of the restriction to G, of a simple FG- 
module in B [2]. 
LEMMA 3. If v is an irreducible Brauer character of G in B then the 
restriction q+, of y to GO is an irreducible Brauer character in B, . Moreover, 
this establishes a one-to-one correspondence between such characters. 
Proof. Let V be a simple FG-module whose Brauer character is F. The 
simple constituents of the restriction V,, of V to G,, all lie in B,[l]. Therefore, 
by Lemma 2, V,, is a simple module. Hence, its Brauer character, which is v0 , 
is irreducible. On the other hand, if v0 is an irreducible Brauer character of 
G, in B, then the previous result guarantees that p0 is the restriction of an 
irreducible Brauer character in B. 
Hence, it remains only to show that if v and I,J% are irreducible Brauer 
characters in B with a common restriction to G, then they are equal. However, 
Lemma 2 implies that 4 = &I where X is the restriction to thep’-elements of G 
of a linear character of G/Go . But v is an integral linear combination of the 
restriction to the p’-elements of irreducible characters in B. Hence, # is such 
a linear combination involving the products of irreducible characters in B 
with A. However, if A is not the principal character then no such product lies 
in B, as we saw in the proof of Lemma 1. Hence, A is the principal character 
and q~ = 4. 
Now let D and C be the decomposition matrix and Cartan matrix for B so 
that the rows of D are indexed by the irreducible characters in B while the 
columns of D and both the rows and columns of C are indexed by the irre- 
ducible Brauer characters in B. We now let D, and C,, be the decomposition 
and Cartan matrices for G, indexed to respect both the one-to-one corre- 
spondences of Lemma 1 and Lemma 3. 
LEMMA 4. We have the equalities: D = D,; C = CO . 
Proof. The expression of an irreducible character in B in terms of the 
Brauer characters in B yields a similar expression for B, simply by restriction 
to G, . This establishes the first equality and the second is an immediate 
consequence. 
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LEMMA 5. Any FG,-homomorphism between projective FG-modules in B 
is an FG-homomorphism. 
Proof. It suffices to prove the result for indecomposable projective 
modules in B. Hence, let U and V be simple FG-modules in B and let P and 
Q be corresponding indecomposable projective modules so P and Q are 
projective covers of U and V, respectively. Now the restrictions U,, and V, 
of U and I/ to G, are simple FG,-modules. Moreover, the restrictions PO and 
Q,, are projective and in B, , as all their composition factors are in B, . In 
addition, they have U,, and V,, as homomorphic images. We claim that P,, and 
Q, are also indecomposable. Indeed, the dimensions of the indecomposable 
projective modules corresponding to U,, and V,, are given in terms of the 
dimensions of the simple FG,-modules in B, and the Cartan invariants of B, . 
A similar statement holds in G so our claim is valid because of course P and 
PO and also Q and QO have the same dimensions. The lemma now follows 
from the formulae for the dimensions of Hom,,,( U, , V,) and Hom,,( U, V) 
in terms of the Cartan matrices. 
Note that in the course of the above argument we have also established the 
next result. 
LEMMA 6. Every projective FG,-module in B,, is the restriction of a projective 
FG-module in B. 
We now turn to the proof of Theorem 2. First, let 77, be an FG,-module 
in B, . There is an exact sequence 
pO-tQO -+ u()-+o 
where PO and QO are projective FG,-modules in B, . By the previous lemma 
there are projective FG-modules P and Q in B whose restrictions to G,, are PO 
and Q,, , respectively. Moreover, the above map from PO to QO is an FG- 
homomorphism between P and Q. The cokernel of this map is an FG-module 
in B whose restriction to G, is isomorphic with U,, . Therefore, U,, is the 
restriction toGO of an FG-module in B. 
Now suppose that U,, and V, are FG,-modules in B, and that f is an FG,,- 
homomorphism from U,, to V, . Let U and V be FG-modules in B whose 
restrictions to G,, are 77, , respectively. We shall prove that f is an FG- 
homomorphism between U and V. Let P and Q be FG-modules which are 
in B, are projective and contain U and V, respectively; these exist because 
projective modules are injective. But the restriction fQ to G, is also injective 
so there is an FG,-homomorphism g from P to Q which extends the FG,- 
homomorphism f from U to V. But, g is an FG-homomorphism, by Lemma 5, 
so that so is f, the restriction fg to U. 
Finally, to complete the proof of Theorem 2, we let U and V be FG-modules 
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in B with restrictions 77, and V,, and we must show that if U,, = V,, (actual 
equality) then U = V. But, if lJ, = V,, then the underlying sets of U and V 
are the same. The identity function on U is then an FG,-isomorphism of U,, 
onto V, so it is therefore an FG-homomorphism. Hence, if u E U and g E G, 
then ug is the same in U and in V so U = V. 
We now turn to Theorem 1. Since A is an algebra with unit element it is 
anti-isomorphic with the endomorphism ring of the module which is A 
as FG-module. Similarly, A, is anti-isomorphic with the endomorphism ring 
of the FG,,-module A, . Hence, it suffices to show that the restriction ofA, as 
FG-module, to FG, is isomorphic with the module A,, . But A is the direct 
sum of indecomposable projective modules, the number of each isomorphism 
type being the dimension of the corresponding simple module. The same holds 
for A, so our above results on the restrictions ofprojective modules completes 
the proof. 
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